The strong-interaction limit of density-functional ͑DF͒ theory is simple and provides information required for an accurate resummation of DF perturbation theory. Here we derive the point-charge-plus-continuum ͑PC͒ model for that limit, and its gradient expansion. The exchange-correlation ͑xc͒ energy E xc ͓͔ϵ͐ 0 1 d␣W ␣ ͓͔ follows from the xc potential energies W ␣ at different interaction strengths ␣у0 ͓but at fixed density (r)]. For small ␣Ϸ0, the integrand W ␣ is obtained accurately from perturbation theory, but the perturbation expansion requires resummation for moderate and large ␣. For that purpose, we present density functionals for the coefficients in the asymptotic expansion W ␣ →W ϱ ϩW ϱ Ј ␣ Ϫ1/2 for ␣→ϱ in the PC model. W ϱ PC arises from strict correlation, and W ϱ Ј PC from zero-point vibration of the electrons around their strictly correlated distributions. The PC values for W ϱ and W ϱ Ј agree with those from a self-correlation-free meta-generalized gradient approximation, both for atoms and for atomization energies of molecules. We also ͑i͒ explain the difference between the PC cell and the exchange-correlation hole, ͑ii͒ present a density-functional measure of correlation strength, ͑iii͒ describe the electron localization and spin polarization energy in a highly stretched H 2 molecule, and ͑iv͒ discuss the soft-plasmon instability of the low-density uniform electron gas. 
I. INTRODUCTION
In density-functional theory ͑DFT͒ ͓1͔, the ground-state energy of a system of interacting electrons is presented as a functional of the ground-state density distribution (r) of the electrons,
T s ͓͔ is the kinetic energy of a system of noninteracting electrons with ground-state density . The second contribution is the interaction with the external potential v ext (r), and U͓͔ϭ 1 2 ͐d 3 r͐d 3 rЈ(r) (rЈ)/͉rϪrЈ͉ is the classical Hartree-Coulomb energy. The exchange-correlation energy E xc ͓͔ accounts for all the complexity of the quantum manybody problem ignored by the continuum functional U͓͔. It also includes the interaction contribution T c ϭ͗T ͘ϪT s to the kinetic energy.
This important functional is exactly represented by the coupling-constant integral ͓2,3͔,
The integrand W ␣ ͓͔ ͑which is plotted approximately in Fig.  1͒ has only potential-energy contributions, including the expectation value of the Coulomb two-particle repulsion operator V ee ϭ ͚ iϽ j ͉r i Ϫr j ͉ Ϫ1 in the ground state ⌿ ␣ ͓͔ of a hypothetical system where the repulsion between the electrons is scaled by a factor ͑''coupling constant''͒ ␣у0, but which has the same ground-state density (r) as the real system with ␣ϭ1. In general, ⌿ ␣ ͓͔ is that antisymmetrized N-electron wave function which minimizes the expectation value ͗T ϩ␣V ee ͘ and, at the same time, yields the density .
If ⌿ ␣ ͓͔ is the true ground state of a Hamiltonian with interaction ␣V ee ,
The limit ␣→0 of weak interaction in the integrand W ␣ ͓͔ of Eq. ͑2͒ is well understood. ⌿ ␣ϭ0 ͓͔ is the Slater determinant of the occupied Kohn-Sham ͑KS͒ single-particle orbitals ͕ i (r,)͖ iϭ1, . . . ,N . Correspondingly, W ␣ϭ0 ͓͔ is the DFT exchange energy,
The first derivative at ␣ϭ0,
is, like E x , also known ͓4͔ in terms of the KS orbitals as we shall see in the next paragraph. In Görling-Levy ͑GL͒ perturbation theory ͓4͔, the correlation energy E c ͓ ͔ϵE xc ͓ ͔ϪE x ͓ ͔ for the scaled density (r)ϵ 3 (r) is expanded around the high-density limit →ϱ or ␣→0 ͑with ␣ϭ1/),
A hypothetic system where the electronic repulsion V ee is scaled by the factor ␣ has the correlation energy ͓5͔ E c ␣ ͓͔ϭ␣ 2 E c ͓ 1/␣ ͔. ͑7͒
Thus, E c ␣ ͓͔ϭ ͚ nϭ2 ϱ E c GL n ͓͔␣ n . Since E c ␣ ϭ͐ 0 ␣ d␣Ј(W ␣ Ј ϪW 0 ), we have W ␣ ͓͔ϭW 0 ϩ ͚ nϭ2 ϱ E c GL n ͓͔ n␣ (nϪ1) . Therefore, GL perturbation theory is equivalent to the Taylor expansion of W ␣ ͓͔ around the weak-interaction limit ␣ ϭ0, which implies Eqs. ͑4͒ and ͑5͒. For an explicit expression of E c GL2 ͓͔, see Ref. ͓4͔ . It has been shown recently ͓6,7͔ that the weak-interaction limit,
along with some additional information on the opposite limit ␣→ϱ, where W ␣ ͓͔ approaches asymptotically a finite value W ϱ ͓͔ ͑see Fig. 1͒ ␣ d␣ЈW ␣ Ј ͓͔→␣W ϱ for ␣→ϱ, which follows from the asymptotic behavior ͑9͒.
Unlike the realistic situation at ␣ϭ1, this stronginteraction limit ␣→ϱ is also simple, but in a different way than the familiar limit ␣→0 of weak interaction. As ␣→ϱ, the electrons become strongly correlated. This situation is modeled by the concept of ''strictly correlated electrons'' ͑SCE͒ ͓6,8,9͔ which is solved exactly for one-dimensional ͑1D͒ systems and, in particular, for any 3D two-electron system with a spherical density distribution (r). In the latter case ͓6,8͔, the two electrons always stay on opposite sides of the spherical center. The radial distance r 1 of the first electron strictly dictates that of the second electron, r 2 ϭ f (r 1 ), by virtue of an exact ''correlation'' function f (r). As a solution of the differential equation
, f is unambiguously determined by the density ͓6,8͔. ͑Apart from the minus sign and the appearance of only one function instead of two, this differential equation coincidentally resembles that of a local scaling transformation ͓54͔.͒ In terms of this function f (r), SCE provides the functional ͓6,8͔
which is probably identical with the unknown exact W ϱ ͓͔ for spherical two-electron systems.
In the present paper we give the complete derivation of the point-charge-plus-continuum ͑PC͒ model ͓6,10͔ which is an approximation to the SCE concept but, in contrast to the latter, is straightforwardly applicable to any threedimensional ͑3D͒ N-electron density (r). The PC model provides the simple explicit density functionals W ϱ PC ͓͔ and W ϱ Ј PC ͓͔, see Eqs. ͑23͒ and ͑24͒ below, for the coefficients in Eq. ͑9͒. It generalizes the standard spherical-cell model ͓11,12͔ of the Wigner crystal, and has a simple densitygradient expansion. ͑A constrained search for the stronginteraction limit has been discussed by Valone ͓13͔. Some formal properties of this limit have been discussed by Levy and Perdew ͓14͔.͒ In Sec. II we derive the functional W ϱ PC ͓͔, while in Appendix A we explain the difference between the PC cell and the strong-interaction limit of the exchange-correlation ͑xc͒ hole. In Sec. III we consider the situation of large but finite ␣ӷ1, and we derive in Appendix C the functional W ϱ Ј PC ͓͔ for the next coefficient in the asymptotic expansion ͑9͒. We also discuss approximate self-interaction corrections ͑SIC's͒ to the gradient expansion W ϱ Ј PC ͓͔. Using these functionals, we apply in Sec. IV the interaction-strength interpolation
͓7͔ between the weak-interaction limit ͑8͒ and the strong-interaction limit ͑9͒. We obtain accurate correlation energies for those atoms where the coefficient W 0 Ј is known with reliable accuracy. The same method predicts in Ref. ͓7͔ remarkably accurate atomization energies for a set of 18 small molecules; a statistical summary is given in Sec. V, where we also discuss the strong-interaction limit for the atomization energy. We summarize our conclusions in Sec. VI.
The ␣ dependence of W ␣ ͓͔ for specific finite or extended systems has been the subject of several recent investigations within density-functional ͓15-18͔ or wave-function ͓19-22͔ theories. Exact information about W ␣ ͓͔, e.g., W 0 or W 0 and W 0 Ј , has been used to boost the accuracy of density-functional calculations ͓16-18͔ along the general direction suggested by Becke ͓23͔. Unlike those approaches, which make use of density functionals for ␣Ϸ1, we make use of them for ␣→ϱ.
A density-functional measure of the correlation strength of the physical (␣ϭ1) wave function is
This measure varies between 0 for independent electrons and 1 for strictly correlated ones. For other measures, see Ref.
͓9͔.
II. POINT-CHARGE-PLUS-CONTINUUM
The integrand W ␣ ͓͔ in Eq. ͑2͒ is identical to the total electrostatic potential energy ͑expectation value͒ E ␣ es ͓͔ of a fictitious system where discrete point electrons with the antisymmetrized and correlated wave function ⌿ ␣ ͓͔ are embedded in a rigid continuous background of positive charge with density ϩ (r)ϵ(r), since
The three terms of Eq. ͑14͒ are, respectively, the electronelectron, electron-background, and background-background interactions. ͑It does not matter here whether ⌿ ␣ ͓͔ -which is defined in Eq. ͑2͒ above -is the ground state of this fictitious system or not. The positive background is merely an artifice invoked for the evaluation of W ␣ ͓͔, and should not otherwise be taken seriously. The mock electrostatic energy of Eq. ͑14͒ provides a more convincing way to derive the PC model.͒ Repeated simultaneous measurements of the N electronic positions in the state ⌿ ␣ ͓͔ would yield distribution sets ͕r i ͖ iϭ1, . . . ,N of N points which, in the ensemble average, represent the continuous density cloud (r). The classical electrostatic energy of the neutral system composed of the N negative point charges of each set and the continuous positive background yields in the ensemble average the quantity E ␣ es ͓͔. In the limit ␣→ϱ, where the electrons repel each other strongly, the points r i in each set of the ensemble are distributed as uniformly as possible over the density (r) without any accidental clustering. ͑Fluctuations of particle number in any finite volume fragment are strongly suppressed ͓9͔ as ␣→ϱ.͒ In other words, at large ␣, the continuous positive background is locally neutralized as well as this can be achieved by discrete negative point charges. Therefore, in a typical distribution set the hypothetical system can be divided up into N neutral cells, one around each electron at r i and with zero or weak lower electric multipole moments, so that the interaction between different cells may be neglected. Consequently, the total electrostatic energy of the system, E ϱ es ͓͔, is approximately the sum of the energies of these N individual cells.
In the following we present a model for the cell around an electron at position r in the density . This model cell has the energy E cell (͓͔;r). The sum ͚ iϭ1 N E cell (͓͔;r i ) for a set ͕r i ͖ of electron positions becomes in the ensemble average an integral which is an approximation to the electrostatic energy ͑14͒ in the limit ␣→ϱ,
We call this the PC model because Eq. ͑15͒ treats one electron as a point charge at position r and the remaining NϪ1 electrons as a continuous fluid of negative charge which perfectly neutralizes the positive background everywhere except for the region inside the cell around the point electron whose position is averaged over the system. Despite some similarities, the PC cell is not a model for the stronginteraction limit of the exchange-correlation hole; see Appendix A. By coincidence, the label PC is sometimes used to mean ''perfect correlation'' ͓24͔, the very situation for which our PC model is an approximation. The key idea is that the electron at r plus its PC cell should have zero monopole and dipole electrostatic moments. In the local-density approximation ͑LDA͒, where the density is assumed to be constant in the vicinity of each electron, the model cell around an electron at r is a concentric sphere with local radius r s (r)ϭ(3/4) , the cell is still approximately spherical. To have zero electric dipole moment, however, a positive spherical cell with a density gradient has its center shifted away from the negative point electron by a small displacement d ͑with magnitude d) into the direction of Ϫ⌫ ͑see Fig. 2͒ . Still normalized to unity, the cell has now a radius RϾr s , fixed by (4/3)R 3 c ϭ1, where c ϭ 0 Ϫ⌫d ϵ 0 (1Ϫ␥d/r s ) is the density at the center of the cell.
In a coordinate system which has its origin uϭ0 at the center of the cell and its u 3 axis in the direction of ⌫, the electron is at uϭϪdϭ(0,0,ϩd); see Fig. 2 (r) Ϫ1/3 and ␥ϭr s (r) ٌ͉(r)͉/(r) depend on the position r of the point electron. The two quantities ͑19͒ determine both position and size of the spherical PC cell, depending on the position r of the point electron.
Again, as in the LDA ͑16͒, the energy of the PC cell with constant gradient is the self-energy U cell of the piece of positive background inside the cell plus its interaction with the point electron,
⌽ cell (r) (u) is the electrostatic potential at u of the positive background, with uϭ0 at the center of the cell. Using for U cell and ⌽ cell (r) (u) the expressions ͑B6͒ and ͑B4͒ from Appendix B, with (4/3)R 3 c ϭ1, we obtain
͑21͒
Using ⌫d/ c ϭ 1 5 ␥ 2 ϩO(␥ 4 ) and the expansions ͑19͒, we find, in generalization of Eq. ͑16͒,
͑22͒
Applying the model ͑15͒ and neglecting contributions of order ␥ 4 , we obtain the PC GEA
for the unknown functional W ϱ ͓͔. The coefficients are A ϭϪ(9/10)(4/3) ϭ5.317ϫ10 Ϫ3 . The functional ͑23͒ has the correct scaling behavior, W ϱ PC ͓ ͔ϭW ϱ PC ͓͔, as predicted in Eq. ͑31͒. The standard local-density approximation for E xc is not accurate in the limit ␣→ϱ, because of a serious selfcorrelation error which develops in that limit. As a result, this approximation ͓as well as the generalized gradient approximation ͑GGA͔͒ cannot properly describe the Wigner crystallization of the low-density uniform electron gas ͓25͔. The strongly interacting limit of the PBE GGA is essentially local and spin independent, as shown by the flatness of the r s ϭϱ enhancement factors in Fig. 1 
. ͑Although LDA and GGA exchange energies suffer a self-interaction error, this error is typically small and does not change as ⌿ ␣ ͓͔ approaches the strong-interaction limit. The LDA and GGA correlation energies suffer a self-interaction error which grows alarmingly towards this limit.͒ However, we can test the accuracy of the functional ͑23͒ against the meta-generalized gradient approximation ͑MGGA͒ for the correlation energy ͓27͔, which is constructed from first principles without adjusting any parameters to experimentally known data. MGGA yields accurate energies for very different kinds of electronic systems such as atoms, molecules, solids, and surfaces. Due to its exact self-correlation correction ͑SIC͒, MGGA should work particularly well in the strong-interaction limit, where LDA and GGA do not. MGGA has an extra ingredient: not only the local density and its gradient, but also the orbital kinetic energy density.
For a set of 12 atoms, Table I gives a comparison of W ϱ PC ͓͔ with the functional W ϱ M GGA ͓͔ which is the model for W ϱ ͓͔ as extracted ͑Appendix D͒ from the MGGA functional. The good agreement of the results from the PC model with the ones from the MGGA functional in Table I is particularly encouraging, since two completely independent approaches to the strong-interaction limit are compared here. FIG . 2. In a constant density (⌫ϭ0), the PC cell around an electron at r is a concentric sphere with radius r s , represented by the dashed large circle in the figure. In the presence of a density gradient ⌫, however, the center M of the cell is shifted away from the electron by a small displacement vector d in the direction of Ϫ⌫. To have zero monopole and dipole moments, the shifted cell ͑solid large circle in the figure͒ has a different radius RϾr s .
The true functional W ϱ ͓͔ is known exactly in two particular cases: For one-electron systems ͑like the H atom in Table I͒ , W ␣ ͓͔ϵϪU͓͔, for all ␣у0. For the H atom, (r)ϭe Ϫ2r / and ϪU͓͔ϭϪ 5 16 ϭϪ0.3125 which is reproduced almost perfectly by the PC model and, as a result of the self-correlation correction, accurately by the MGGA approach. For spherical two-electron systems ͑like the He atom in Table I͒ , the strong-interaction limit is probably exactly solved by the concept of strictly correlated electrons ͑SCE͒ ͓6,8͔ which by Eq. ͑12͒ predicts W ϱ ͓ He ͔ϭϪ1.500 for the He density used in Table I .
In density-functional theory, gradient expansions like Eq. ͑23͒ are usually constructed to be exact to order ٌ͉͉ 2 for slowly varying densities, and often fail ͑unless suitably generalized ͓28͔͒ for realistic densities. However, because our Eq. ͑23͒ is derived differently, it need not share any of these features with traditional gradient expansions. In particular, the PC cell to order ٌ͉͉ 2 is properly normalized, Eq. ͑A2͒ of Appendix A, while the exchange-correlation hole to order ٌ͉͉ 2 is not ͓28͔. Thus, we do not necessarily interpret the coefficient B of Eq. ͑23͒ as the low-density limit of the second-order gradient coefficient of E xc ͓͔ for a slowly varying density . The high-density limit of this coefficient is believed to be 1.854ϫ10 Ϫ3 ϭϪ2.381ϫ10 Ϫ3 ϩ4.235 ϫ10 Ϫ3 , where the first term is from exchange ͓29͔ and the second from correlation ͓30-32͔. In Appendix E we use Eq. ͑23͒ to investigate the soft-plasmon instability of the lowdensity uniform electron gas against the formation of static charge-density waves.
III. MODELS FOR THE COEFFICIENT W ؕ Ј † ‡
Strongly interacting electrons at large but finite ␣ӷ1 are expected to exhibit a zero-point vibration around their strictly correlated distribution at ␣ϭϱ ͓8͔. While strictly correlated electrons at ␣ϭϱ are moving on a constant potential-energy surface, the zero-point vibration at finite ␣ ӷ1 is driven by a strong oscillator-type effective potential of the order ␣ ͓8͔. We therefore expect that the strongly correlated motion of the electrons at large ␣ӷ1 can be understood in terms of a slow strictly correlated motion, superimposed by fast small-amplitude collective oscillations. Correspondingly, as in the Born-Oppenheimer treatment of the nuclear motion in molecules, we take the strictly correlated motion as infinitely slow and consider oscillations in an otherwise static array of electrons.
If all the electrons are strictly correlated, then the net force on one electron at r ͓due to the other NϪ1 electrons and the external potential v ext ␣ (r)] vanishes to order ␣, and this remains true when the electron moves to rϩs. But suppose that the other NϪ1 electrons do not follow. Then there is a restoring force which drives the electron back to r.
We demonstrate in Appendix C how the PC approximation ͑15͒ for the limit ␣→ϱ can be generalized to the present situation with oscillations at large but finite ␣ӷ1. W ␣ ͓͔ can still be evaluated exactly as the electrostatic energy ͑14͒ with a positive background. The restoring force mentioned in the preceding paragraph, however, is not affected by this positive background which is entirely fictitious. This force is due only to the repulsion by the other NϪ1 electrons plus the unknown external potential v ext ␣ (r). In Appendix C we present the PC model for Ϫٌv ext ␣ (r) and the restoring force on the electron. Then, with the modified charge distribution of an oscillating electron, Eq. ͑15͒ yields
This is the PC GEA for the coefficient W ϱ Ј ͓͔ in Eq. ͑9͒.
The LDA coefficient in Eq. ͑24͒ is Cϭ ϭ0.0197 for the coefficient D. Unless there is a mistake in Appendix C, the effective PC gradient coefficient D for small density gradients is positive, while that for typical gradients is negative ͑as estimated in the next paragraph͒.
Formally, however, the functional ͑24͒ has the correct ͓8͔
scaling behavior of the true functional
PC ͓͔. Therefore, we can keep Eq. ͑24͒ and determine a more realistic value for the coefficient D from a physically motivated condition. If we put, e.g., DϭD 1 ϭϪ0.030 676, expression ͑24͒ is identically zero for any exponential ͑i.e., hydrogenic͒ one-electron spherical density (r)ϭ 3 e Ϫ2r / (Ͼ0). In Table II Functionals of the form ͑23͒ and ͑24͒ are at least potentially exact for the electron gas of uniform density. While we have no exact solution for the strong-interaction or lowdensity limit, the SCE energy should be close to that of a bcc Wigner crystal ͓33-35͔,
This is not far from the prediction of Eqs. ͑2͒, ͑9͒, ͑23͒, and ͑24͒ for the uniform gas as r s →ϱ, E xc ϭϪ 0.900 00 r s ϩ 1.500
The closeness of the energies for the Wigner crystal and for the uniform gas as r s →ϱ has been observed elsewhere ͓36,37͔.
The accuracy of gradient-corrected functionals can sometimes be improved by using the separate up-and down-spin densities instead of the total density, but this is not the case for our Eqs. ͑24͒ and ͑23͒, which assume that two electrons cannot be found together at the same point in space. The functionals W ϱ ͓͔ and W ϱ Ј ͓͔ are in fact the same for bosons as for fermions.
IV. CORRELATION ENERGIES OF ATOMS
We can use the results from Tables I and II 
͑27͒
where the coefficients require information only on the weakand strong-interaction limits,
X͓͔ϭ xy
with xϭϪ2W 0 Ј͓͔, yϭW ϱ Ј ͓͔, and zϭW 0 ͓͔ϪW ϱ ͓͔. This analytic function is plotted in Fig. 1 
where the scaled density (r)ϵ 3 (r) is generated from a given density (r) by a scaling factor Ͼ0. Since W 0 ͓ ͔ϭW 0 ͓͔ and W 0 Ј͓ ͔ϭW 0 Ј͓͔, the relations ͑31͒ guarantee that our model integrand ͑29͒ fulfills
which is a key property ͓5͔ of the unknown exact integrand W ␣ ͓͔. Equation ͑32͒ shows in particular how the stronginteraction limit (␣→ϱ) is related to the low-density limit (→0). A graphical illustration of the integrand W ␣ ISI ͓͔ with its integral is displayed in Fig. 1 An important property of the exact E xc ͓͔ is its size consistency: E xc ͓ 1 ϩ 2 ͔ϭE xc ͓ 1 ͔ϩE xc ͓ 2 ͔ for two wellseparated densities 1 and 2 . Because our inputs W 0 ͓͔, W 0 Ј͓͔, W ϱ ͓͔, and W ϱ Ј ͓͔ are size consistent, so is our
ISI ͓͔ in the weak-and strong-interaction limits. But, because Eqs. ͑29͒ and ͑27͒ are nonlinear, our E xc ISI ͓͔ is not generally size consistent ͑although it behaves properly for 1 ϭ 2 ). This failure could be mild, since it arises from the uncertainty in our interpolation formula of Eq. ͑29͒. To achieve full size consistency, we could make our interpolation not globally but at each point r of space.
V. ATOMIZATION ENERGIES IN THE INTERACTION STRENGTH INTERPOLATION AND IN THE STRONG-INTERACTION LIMIT
We have calculated atomization energies for 18 small molecules within the ISI model of Eq. ͑27͒ in Ref. ͓7͔ . The model accurately reproduces the experimental atomization energies with a mean absolute error of only about 4 kcal/ moleϭ0.006 hartree or 2.8% of the mean experimental atomization energy. This accuracy is even more remarkable for the fact that it was achieved without the typical cancellation of errors between the exchange and the correlation energies exhibited by density functionals like LSD or GGA, because the ISI model makes use of the exact exchange energy. In Ref. ͓42͔ we found a similar interpolation error for the ISI model when all the input quantities were calculated within the meta-GGA.
For the 18 molecules studied in Ref. ͓7͔, Table IV compares the ͑signed͒ mean and mean absolute errors of the atomization energies in LSD, GGA, meta-GGA, HF ͑unre-stricted Hartree-Fock͒, second-order Görling-Levy ͑GL2͒, and ISI. While HF underbinds severely and GL2 overbinds severely, ISI is rather realistic.
For this work we have studied the change upon atomization of W ϱ and W ϱ Ј within the different density-functional approximations. The results are shown in Tables V and VI, respectively. Similar to the results for atoms, the meta-GGA typically gives a much closer agreement for ⌬W ϱ with the PC model than both LSD and GGA ͑which yield results very similar to one another͒. This is probably due to the fact that the meta-GGA is self-correlation-free while LSD and GGA are not. It should be kept in mind, however, that the meta-GGA exchange is not exactly self-interaction free.
For the change upon atomization of W ϱ Ј , we find that for most cases meta-GGA gives the best agreement with the PC model. Although the agreement is not quite as good as for the changes of W ϱ upon atomization, it is still satisfactory considering the fact that the meta-GGA was not constructed with the strong-interaction limit in mind. Again, LSD and GGA give results which are rather close to one another. As is evident from Fig. 1 , the total exchange-correlation energy E xc of an atom is close to its weak-interaction limit E x and far from its strong-interaction limit W ϱ . But the atomization energy of a molecule is close to neither limit. For the 18 molecules in Tables V and VI, the weak-interaction limit ͑exact E x and no correlation͒ underbinds by an average 66 kcal/moleϭ0.11 hartree or 44%, while the stronginteraction limit (W ϱ PC ) overbinds by an average 336 kcal/ moleϭ0.54 hartree or 222% of the mean experimental atomization energy.
For most electronic systems, strong interaction is of interest only as a limit. The heavier and more classical ions in a low-temperature plasma or liquid metal come much closer to this limit. However, the spin-polarization energy of the hydrogen atom provides an example of strong electronic correlation. For a fully spin-polarized hydrogen atom, the exact W ␣ is Ϫ0.3125 hartree for all ␣у0, an uncorrelated situation that can be described accurately by our ISI of Eq. ͑29͒. An unpolarized hydrogen atom can be regarded as half of a ground-state H 2 molecule with a highly stretched bond length; its exact W ␣ is Ϫ0.156 25 hartree for ␣ϭ0, but Ϫ0.3125 hartree for any ␣Ͼ0, since any positive ␣ will switch the stretched-H 2 wave function ⌿ ␣ from HartreeFock to Heitler-London form ͑the latter with localized electrons and zero probability for finding both electrons on the same atom͒, and this strong-correlation situation is not accurately approximated by our ISI of Eq. ͑29͒. ͑Note that it is the ISI and not the PC model that fails here.͒ While the true spin-polarization energy is zero, the ISI places the unpolarized atom 1.3 eV higher in energy than the polarized one. This is a remarkably persistent error: 1.0 eV in LSD, 1.2 eV in GGA, and 1.0 eV in meta-GGA. For an explanation how spurious spin polarization can mimic strong correlation, see Ref.
͓38͔.
VI. CONCLUSIONS
Standard density functionals for the exchange-correlation energy ͑the local density approximation and the generalized gradient approximation͒ fail in the strong-interaction or lowdensity limit as a result of self-interaction error ͓25͔. Thus, to describe real strongly correlated systems like transitionmetal oxides, one needs a self-interaction correction ͓39͔ or Hubbard U ͓40͔.
However, we have found good agreement in this limit between the meta-generalized gradient expansion of Ref. ͓27͔, which is exactly self-correlation free, and our PC gradient expansions of Eqs. ͑23͒ and ͑24͒, which are approximately self-correlation-free. Thus, we suspect that the lowdensity limit is under control, and that it should be possible to use the meta-GGA to study, for example, the Wigner crystallization of the uniform electron gas.
The agreement between the PC gradient expansion and the meta-GGA in the strong-interaction limit is remarkable, as these are very different approximations derived in different ways and from different ingredients. The agreement found here for atoms and molecules cannot persist for very rapidly varying densities, such as those of narrow quantum wells ͓41͔, where large reduced density gradients can make W ϱ PC improperly positive and W ϱ Ј PC improperly negative. Our Eqs. ͑23͒ and ͑24͒ can be used along with GL2 perturbation theory in the ''interaction strength interpolation'' of Eqs. ͑27͒ and ͑29͒. Accurate correlation energies are found both for atoms ͑this work͒ and molecules ͑Ref. ͓7͔͒. As explained in Ref. ͓7͔, the ISI correlation energy functional is compatible with exact exchange, in a way that standard density functionals are not. The ISI of Eq. ͑27͒ also provides an estimate ͓7͔ for the radius of convergence of density-functional perturbation theory. The ISI interpolation error has been estimated ͓42͔ to be 0.1% for the exchangecorrelation energy of an atom and 4 kcal/moleϭ0.17 eV for the atomization energy of a molecule, via tests made within the meta-generalized gradient approximation. For the uni- Changes upon atomization, ⌬W ϱ ϭW ϱ (separated atoms)ϪW ϱ (molecule) ͑in units of 1 hartree ϭ27.21 eV͒, of the exchange-correlation functional in the strongly interacting limit in LSD, GGA, and meta-GGA ͑Appendix D͒ and within the PC model. The functionals were evaluated with selfconsistent GGA densities at experimental geometries. The calculations were performed using a modified version of the CADPAC program ͓53͔. form electron gas, ISI predicts a correlation energy which is finite but ͑except at low densities͒ inaccurate ͓42͔. For a uniform gas with an artificially imposed energy gap ͓43͔, it becomes increasingly accurate as the gap increases. We have further explained the point-charge-pluscontinuum ͑PC͒ model which is the basis for Eqs. ͑23͒ and ͑24͒. The mock electrostatic energy of Eq. ͑14͒ is evaluated in the strongly interacting limit by dividing the system up into nonoverlapping, neutral, weakly interacting cells. Despite some similarities, the PC cell is not the strongly interacting limit of the exchange-correlation hole ͑Appendix A͒, because the exchange-correlation holes overlap even in this limit. The relatively short range of the PC cell helps to explain the accuracy of a second-order gradient expansion in the strongly interacting limit.
Molecule
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APPENDIX A: EXCHANGE-CORRELATION HOLE VERSUS PC CELL
The density n xc (r,rЈ) at rЈ of the exchange-correlation hole ͓3͔ around an electron at r is defined such that (rЈ) ϵ͓(rЈ)ϩn xc (r,rЈ)͔ is the effective charge density, seen by the electron due to the NϪ1 other electrons. ''Effective charge density'' means that the two contributions to the energy functional ͑1͒ that describe the electron-electron interaction can be written in the Hartree form
͉rϪrЈ͉ .
͑A1͒
Note, however, that (rЈ) also accounts for the kinetic-
Here we discuss the relationship between the exchangecorrelation hole n xc (r,rЈ) and the density shift n PC (r,rЈ) that arises at rЈ due to the creation of a PC cell around an electron at r. Both are normalized to Ϫ1,
and for strong interaction both tend to Ϫ(r) as rЈ→r. Both give E xc in the strongly interacting limit ͑where E xc ͓͔ ϭW ϱ ͓͔), but not in the same way,
͑A3͒
Thus the PC cell is not a model for the strong-interaction limit of the exchange-correlation hole; it arises from a different way of dividing up the charge around an electron. For the uniform electron gas in the strong-interaction limit, the exchange-correlation energy per electron is These are significantly different, although both approaches give the same energy. For any one-electron system, the exact n xc (r,rЈ) and the exact n PC (r,rЈ) ͑but not their gradient expansions͒ are equal to one another and to Ϫ(rЈ), so in this limit the two forms of Eq. ͑A3͒ are manifestly identical.
APPENDIX B: ELECTROSTATIC POTENTIAL AND ENERGY OF A CHARGED SPHERE WITH A CONSTANT DENSITY GRADIENT
The sphere of radius R has the charge density
where uϭ͉u͉ and ⌰(t) is the step function. c is the density at the center uϭ0 of the sphere. To calculate the electrostatic potential ⌽ cell (u) ϭ͐d 3 r cell (r) ͉uϪr͉ Ϫ1 of this charge distribution at some position u inside the sphere, we choose the z axis in the direction of u. Then, the x and y terms of ⌫•rϭ⌫ 1 xϩ⌫ 2 y ϩ⌫ 3 z in cell (r) do not contribute to the integral ⌽ cell (u). Consequently, in spherical coordinates ͕r,,͖ for r ͑with zϭr cos ),
We here have used the multipole expansion of ͉uϪr͉ Ϫ1 in the usual notation of Ref. ͓44͔, where r Ͻ ϭmin͕r,u͖ and r Ͼ ϭmax͕r,u͖. Substituting tϭcos , the term in square brackets can be written as ͓ c P 0 (t)ϩ⌫ 3 rP 1 (t)͔, since the Legendre polynomials are P 0 (t)ϵ1, P 1 (t)ϵt, etc. Due to the orthogonality relation ͐ Ϫ1 1 dt P m (t) P n (t)ϭ2␦ m,n /(2mϩ1), only the lϭ0 and lϭ1 terms contribute to the integral of Eq. ͑B2͒,
⌫ 3 is the component of ⌫ in the direction of u. We choose the u 3 axis in the direction of ⌫ so that ⌫ 3 ϭ⌫u 3 /u. The r integrations in ͑B3͒ yield
In the same way, the potential outside the cell is obtained, 
͑B6͒
APPENDIX C:
We consider oscillations of electrons around a static SCE set of positions ͕r i ͖ iϭ1, . . . ,N in a given density (r), as explained in the opening paragraph of Sec. III. If we ignore the collective character of the oscillations as in the Einstein model for phonons, each electron is oscillating independently around an equilibrium position. Since the amplitude of these oscillations asymptotically approaches zero as ␣ →ϱ, the PC model still applies. Now, in evaluating the electrostatic energy of the PC cell in Eq. ͑15͒ we must merely replace the strictly localized point electron by the smooth charge distribution of an oscillating one. The restoring force on this oscillating electron is the repulsion ͑scaled by the factor ␣) by the other NϪ1 electrons, distributed continuously outside a static PC cell, plus the force due to the unknown external potential v ext ␣ (r). Although the positive background, introduced with Eq. ͑14͒, can be used to evaluate the electrostatic energy ͑15͒, it is entirely fictitious and, of course, has no effect on the restoring force on the oscillating electron. To obtain this restoring force, we need a model for the true external potential v ext ␣ (r).
At large ␣ӷ1, v ext ␣ (r) must become strongly attractive to maintain a given density distribution (r) of the strongly repulsive electrons. In the limit ␣→ϱ when the kinetic energy becomes negligible, we expect that the strictly correlated electrons are moving on a constant potential-energy surface. For spherical two-electron systems, this can be achieved ͓8͔ by
where w(r) is a smooth finite function which is entirely determined by the density (r). In the PC model for the strictly correlated limit ␣→ϱ, the repulsive force, exerted on the point electron at position r by the other NϪ1 other electrons, is due to a distribution of continuous negative charge with density (rЈ) outside the PC cell. This force can obviously be canceled exactly by an external force F ext PC (r) which is chosen as though it was due to an equivalent distribution of continuous positive charge with the same density outside the cell. The force F ext PC (r) is a model for the gradient Ϫ"w(r). If it is a conservative force, we can write F ext PC (r)ϭϪ"w PC (r) where w PC (r) is the PC model for w(r). At least for densities that vary only in the radial or z directions, the construction of w PC (r) is always possible.
To simplify our language, we denote in the following paragraphs by ''C(x)'' the spherical region inside the PC cell of a point electron at rϭx in the strictly correlated limit ␣→ϱ.
In the PC model for strictly correlated motion in the limit ␣→ϱ, the electron carries its PC cell along as it is moving from r to a close-by position rϩs. Correspondingly, the external force F ext PC (rϩs) at the new position rϩs must be calculated from a different distribution of positive charge which is now outside the new PC cell C(rϩs). As in the work of Harbola and Sahni ͓45͔, we have a position-dependent ''hole'' from which we calculate the electrostatic force at each electron position.
At finite ␣, in contrast, when the strictly correlated motion is taken to be infinitely slow, there is a static PC cell C(r) around an oscillating electron. Therefore, as this oscillating electron has moved from its equilibrium position r to the close-by position rϩs, the external force F ext PC (rϩs) at rϩs, due to positive charge outside C(rϩs), does not cancel the repulsive force due to the other NϪ1 electrons which are still outside the static PC cell C(r); see Fig. 3 . Consequently, there is a restoring net force F osc (r) (s). This force can be derived electrostatically from a net charge density (r) (s) which is zero everywhere outside the finite region C(r)ഫC(rϩs), covered by these two cells. It is the same as a positive charge distribution with density (rЈ) inside C(r), plus a negative charge distribution with density (rЈ) inside C(rϩs).
In the constant-gradient model ͑17͒, (r) (s) is the charge distribution of two oppositely charged overlapping spheres C(r) and C(rϩs) with a constant charge-density gradient ⌫ ͑Fig. 3͒. The net force exerted by this charge distribution on the oscillating electron at rϩs is
Here, ⌽ cell (x) (u) denotes the electrostatic potential at u due to a spherical piece of positive charge with density ͑17͒ inside the PC cell C(x) of an electron with equilibrium position x. The coordinate u is chosen so that the origin uϭ0 is at the center of the sphere C(x) and u 3 is the component of the vector u in the direction of the constant gradient ⌫. In this coordinate system, the point x is at uϭd(x) ⌫/⌫ϵϪd(x) ϭ͕0,0,d(x)͖, with d(r) from Eq. ͑19͒ ͑cf. Fig. 2͒ . ⌽ cell (x) (u) is explicitly given by Eq. ͑B4͒ in Appendix B if we there identify RϭR(x), with R(r) from Eq. ͑19͒, c ϭ(x) Ϫ⌫d(x), and ⌫ϭٌ͉(x)͉.
As expected, the force ͑C2͒ is zero at the equilibrium position sϭ0. In a uniform system (⌫ϭ0), where dϵ0 and ⌽ cell (x) (u) is spherically symmetric around uϭ0, the second term in ͑C2͒ is zero and F osc (r) (s)ϭٌ s ⌽ cell (s). This means that the present approach yields for uniform systems the same zero-point energy as the treatment of zero-point oscillations in a Wigner crystal with a positive background by Ref. Then, expansion of Eq. ͑C9͒ yields FIG. 3 . An electron at rϩs, oscillating around its equilibrium position r, feels a restoring force which is due to a continuous negative charge distribution with density (rЈ) outside its static PC cell C(r) plus a continuous positive charge distribution with the same density (rЈ) outside the PC cell C(rϩs). These two different cells are centered at rϩd(r) and at (rϩs)ϩd(rϩs), respectively.
of small amplitude A produces an energy change per electron
where the coefficient e is given by their Eq. ͑43͒. eϽ0 indicates instability against the formation of a charge-density wave of infinitesimal amplitude.
In the limit →0, in which the wave function ⌿ ␣ ͓͔ for all ␣Ͼ0 is correlated as in the strong-interaction limit (␣ →ϱ), Eq. ͑2͒ implies that E xc ϭW ϱ . Using our PC expression ͑23͒ for W ϱ , Eq. ͑43͒ of Ref. where xϭQ/2k F . The first term of Eq. ͑E3͒ arises from the Hartree electrostatic energy, the second from the local part of E xc , and the third from the second-order gradient contribution to E xc ϭW ϱ . Equation ͑E3͒ is always positive but has a minimum very close to zero at xϷ1 or QϷ2k F . Thus our PC gradient expansion almost predicts the correct lowdensity instability of the uniform electron gas. This instability can also be regarded as a ''soft plasmon'': The plasmon frequency p (Q) decreases from p (0) ϭ ͱ 4 as Q increases, and goes to zero around Qϭ2k F .
Within the PC model, the low-density limit for the plasmon dispersion is P (Q)ϭ P (0)(1Ϫ1.965x 2 ϩ1.241x 4 )
1/2 , consistent with Fig. 2 of Ref. ͓47͔. Figure 5 of Ref. ͓48͔ suggests that the plasmon dispersion changes sign around r s ϭ10, although the soft-plasmon instability appears around r s ϭ65 ͓49͔.
If the electron-electron interaction were attractive, the Hartree term in Eq. ͑E3͒ would be negative. Then Eq. ͑43͒ of Ref. ͓46͔ shows that the uniform phase for any would be unstable against long-wavelength (Q→0 or x→0) chargedensity waves.
